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Parametric Probability Distributions

Probability Density Function (PDF):

Cumulative distribution Function (CDF):

Quantile function:

Example: 

3-parameter Weibull Distribution

• Structural Form

• Parameters
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Probability Distribution Estimation Approaches

Theoretical Approach
Structural form: 
Obtained from a mathematical 
model. 
Parameters: 
Obtained from a mathematical 
model. 

Empirical Approach
Structural form: 
Selected from standard 
probability distributions.
Parameters: 
Estimated from sample data 
statistics.

Semi-Empirical Approach
Structural form: 
Obtained from a mathematical 
model. 
Parameters: 
Estimated from sample data 
statistics.
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Random Variable Linear  Process Semi-Empirical model
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Probability distribution of crests in a linear narrow-banded 
random process (Rayleigh) 

Quadratic Rayleigh: Model Development

 
2

exp , 0
2

x xf x x
R R

 
   

 

   

   

      

2

2

2

2

1 2

exp ,
2 8

1 exp ,
8

2 ln 1 2 ln 1 .

n

n

n

f x x
R R

F x
R

x u R u R u







   
  

 


  

 
   

 
 

 
   

 
 

     

2
n       

Random variable transformation rule

  1 22 4 x     

0 



8

Quadratic Rayleigh: Extreme Analysis
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Theory of ordered statistics:

For large number of waves
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Quadratic Rayleigh: Distributions
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Quadratic Rayleigh: Empirical Parameter Estimation

Method of Moments Method of L-moments
Equating the first three distribution 
moments with their corresponding 
sample moments.

Equating the first three distribution L-
moments with their corresponding 
sample L-moments.
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Quadratic Rayleigh: Empirical Parameter Estimation

Method of Moments Method of L-moments
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Quadratic Rayleigh model justification:

Second-order stokes theory for Narrow-banded waves:

Surface elevation:

Wave 
crests:http://learn.uci.edu

a

http://www.istockphoto.com
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Semi-empirical models:

Quadratic 
Rayleigh

Example 1: Weakly Non-linear Wave Crests
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Example 1: Model Test Data

Draft 28.50 m

Column Diameter 8.75 m

Column Spacing 28.50 m

Pontoon Height 6.25 m

Pontoon Width 6.25 m

Scale 1/40
Water Depth 668 m
Design Storm Description Hs 

(m)
Tp 

(sec) γs

S1 100 yr West Africa 4.0 16.0 2.0

Courtesy of OTRC
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Background:
 long term mean wave power

Example 2: Wave Power Resources
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EPRI ReportEmpirical model:
 Based on an empirical joint probability distribution of wave height and

period (Myrhaug et. al.).

Theoretical model:
 Based on the theoretical joint probability distribution of wave height and

period and linear wave theory (Izadparast and Niedzwecki).
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Example 2: Wave Power Resources

Instantaneous
Wave power

Quadratic Rayleigh model justification:

Semi-Empirical 
Model:
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Example 2: Wave Power Resources
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 Semi-empirical models are introduced as a data analysis tool for estimation of
probability distribution of non-linear random variables.

 Semi-empirical models could:

 Improve the flexibility of theoretical model in capturing the probability distribution of
data,

 Provide some insight about the physical process.

 Development of Quadratic Rayleigh distribution is discussed:

 Model structure development,

 Extreme statistics,

 Parameter estimation.

 As examples, the application of Quadratic Rayleigh distribution on probability
distribution estimation of two random variables, i.e. weakly non-linear wave crests,
and wave power, were studied.

Concluding Remarks
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Thank You!
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Weakly Non-linear Random Variable
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Perturbation expansion of weakly non-linear variable: 

Stokes Expansion
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